Abstract. In this paper we discuss some new finite element methods for flows which are governed by the linear stationary Stokes system on one part of the domain and by a second order elliptic equation derived from Darcy's law in the rest of the domain, and where the solutions in the two domains are coupled by proper interface conditions. All the methods proposed here utilize the same finite element spaces on the entire domain. In particular, we show how the coupled problem can be solved by using standard Stokes elements like the MINI element or the Taylor-Hood element in the entire domain. Furthermore, for all the methods the handling of the interface conditions are straightforward.
Introduction
The purpose of this paper is to discuss some new finite element discretizations of coupled Darcy-Stokes flow. The term "coupled Darcy-Stokes flow" refers to a flow which is governed by the Stokes equations in one part of the domain, while the flow is described by a standard second order elliptic equation, derived from Darcy's law and conservation of mass, on the rest of the domain. Furthermore, proper interface conditions have to be prescribed at the interface between the two regions.
Early numerical studies of the coupling of Darcy flow and Stokes flow can for example be found in [12, 22] , while the more theoretical studies of such computations were initiated by the independent papers [15] and [16] . Actually, the approaches taken in these two papers are rather different. The method discussed in [16] is based on a standard finite element method for second order elliptic problems in the Darcy domain, and a standard mixed velocity-pressure formulation in the Stokes domain, while the methods discussed in [15] employ mixed finite element discretizations for both parts of the domain.
The development in [15] is based on a rigorous treatment of the weak saddle-point formulation of the corresponding continuous system. In particular, it is discussed how proper interface conditions lead to well posedness of the weak system. Since the stable families of finite elements for the Darcy problem and the Stokes problem usually are not the same, this approach easily leads to finite element discretizations with different choice of spaces for the two regions. In [15] such discretizations are proposed based on standard mixed elements for second order elliptic equations like the Raviart-Thomas spaces or the Brezzi-Douglas-Marini spaces for the Darcy region, and standard Stokes elements like the Taylor-Hood element or the MINI element for the Stokes region. A similar approach is basically taken in [13] , but with the difference that the Bernardi-Raugel element is used for the Stokes region, while in [19, 20] variants of the discontinuous Galerkin method are proposed.
In [1] it is argued that finite element discretizations based on the same finite element spaces for both regions will have some advantages with respect to implementation. However, the difficulty with this approach is that most stable Stokes elements will not be stable in the Darcy region, and that most stable Darcy elements will not be convergent for the Stokes problem. In [1] it is suggested to use a C 0 -element of Fortin [11] , cf. also [2] , to overcome this problem. This finite element space is defined with respect to a rectangular grid. On each rectangle the velocity belongs to a twelve dimensional space of reduced quadratics, while the pressure is approximated by piecewise constants. The properties of this method are carefully analyzed and studied by numerical experiments in [1] . A possible disadvantage of this discretization is that the method has to be properly modified near the interface between the two domains. In particular, the presence of vertex degrees of freedom leads to extra difficulties near the interface, cf. [1, Section 3]. The finite element discretizations proposed in this paper are similar to the method discussed in [1] in the sense that the same finite element spaces will be used throughout the entire domain Ω. We therefore refer to the discretizations as unified finite element discretizations. However, for the methods discussed here the treatment of the interface conditions is straightforward.
Throughout the paper we will consider the approximation of a flow in a region Ω ⊂ R 2 , consisting of a porous region Ω d , where the flow is a Darcy flow, and an open region Ω s = Ω\Ω d , where the flow is governed by the linear stationary Stokes system. Hence, in Ω d the Darcy velocity u = u d and the pressure p = p d satisfy
where ν is the outward unit normal vector on ∂Ω ∩ ∂Ω d , while in Ω s the velocity/pressure (u, p) = (u s , p s ) is a solution of the system
Here (u) = 1 2 grad u + grad u T is the symmetric gradient operator, K is a uniformly positive definite permeability tensor, f is representing body forces, g represents sink or source terms, and µ > 0 denotes the viscosity of the fluid.
The systems (1.1) and (1.2) are coupled at the interface between porous and open regions, i.e. at Γ = ∂Ω s ∩ ∂Ω d . We will assume throughout the paper that Γ is a Lipschitz curve. The following interface conditions will be assumed:
Here (1.3) represents mass conservation, (1.4) represents continuity of normal stress, and (1.5), with α > 0, is the Beavers-Joseph-Saffmann condition [4, 21] . Moreover, τ denotes the unit tangential vector at Γ and ν the unit normal vector exterior to Ω d .
The complete system given by (1.1)-(1.5) is the coupled Darcy-Stokes we will study below. In the weak formulation discussed in [15] 
, and p ∈ L 2 . Based on this formulation we will in Section 3 below introduce a new finite element discretization for the coupled system (1.1)-(1.5) by using the triangular non-conforming H 1 -space introduced in [17] for velocity and piecewise constants for pressure. Compared to the discretization proposed in [1] , this method has the advantage that the velocity space, which is a conforming H(div)-space, has no vertex degrees of freedom. As a consequence, there are no particular difficulties in modifying the method near the interface. The analysis given in this paper is restricted to two space dimension. However, a three dimensional analog of the non-conforming finite element space of [17] is discussed in [23] .
Note that if the first equation of (1.1) holds then u d can be eliminated and the second equation of (1.1) takes the form of a second order elliptic equation
Kf . This is in fact the approach taken in [16] , where the scalar equation (1.6) is approximated by a standard finite element method in the Darcy domain Ω d , and a mixed finite element method for the Stokes equation is used in Ω s . The second class of methods we will analyze below is closely related to this approach in the sense that the alternative weak formulation of the system (1.1)-(1.5) requires that the solution restricted to the Darcy domain, (
However, in Section 4 we propose a discretization strategy where the variables u d and p d both are kept as unknowns in the discrete system, and where Darcy's law are only satisfied up to a given accuracy. In fact, by this approach we will propose a discretization of the full coupled system (1.1)-(1.5) where standard Stokes elements, like the MINI element or the Taylor-Hood element, can be used for the entire domain Ω. Finally, in Section 5 we present a some numerical examples.
Preliminaries
We will use H m = H m (Ω), with norm · m , to denote the Sobolev space of scalar functions on Ω with m derivatives belonging to the space L 2 (Ω). If q is a scalar function, then grad q denotes the gradient of q, while div v = trace grad v denotes the divergence of the vector field v. If we define the differential operators
then, by Green's theorem
where s denote arc length. By direct calculation one may verify the identity
where the divergence of a matrix is defined as the divergence taken row-wise. Therefore,
Below we will also use the spaces
We will next state the two weak formulations which we will use below to construct the new finite element methods for the coupled problem (1.1)-(1.5). The weak formulation which has the velocity u d in H(div) is referred to as the H(div)-formulation. This is exactly the formulation considered in [15] . More precisely, the velocity u will be required to belong to the space
Note that a piecewise smooth vector field v ∈ V 1 (Ω) has to have a continuous normal component on the interface Γ. The corresponding norm is given by v
The weak formulation of the coupled problem (1.1)-(1.5) discussed in [15] can be written:
Note that in this formulation the boundary conditions on ∂Ω and the interface condition (1.3) are treated as essential conditions, while the interface conditions (1.4) and (1.5) are posed weakly. In Section 3 below we will propose a finite element method for the coupled problem (1.1)-(1.5) based on this formulation.
An alternative formulation of the coupled problem is posed using the velocity space
with the corresponding norm
with the norm q
. In this formulation the divergence constraint will be posed weakly in the
In fact, this relation also include a weak formulation of the interface condition (1.3), i.e. u d · ν = u s · ν on Γ. We therefore obtain the following weak formulation of the system (1.1)-(1.5):
Here the bilinear form a is exactly as above, and b :
Note that in this alternative formulation all the three interface conditions (1.3)-(1.5) are expressed weakly. We will establish the existence and uniqueness of a weak solution by verifying the so-called Brezzi conditions [8] . From Korn's inequality, cf. [1] or [6] , it follows that there is a positive constant C such that
Hence, the coercivity of the bilinear form a,
follows. Here α 2 is a positive constant. The second Brezzi condition that we need to verify is the inf-sup condition.
Proof. Let q ∈ Q 2 be arbitrary. By the standard inf-sup condition for the Stokes problem, cf. [14, Chapter I.2.2], there is a w ∈ H 1 0 (Ω) ⊂ V 2 such that div w = q, in Ω. Furthermore, w satisfies a bound of the form
Q . Therefore the desired bound holds with β 2 = 1/ max(1, C 1 ).
The conditions (2.7) and (2.8), together with some obvious boundedness estimates on the bilinear forms a and b, implies that the (L 2 -formulation) above is well posed. Here it is assumed that the data f and g represents linear functionals on V 2 and Q 2 , respectively.
Discretization in the H(div) formulation
In this section we will study finite element discretizations of the coupled Darcy-Stokes problem based on the H(div; Ω) formulation. The finite element space V 1 h , approximating V 1 , which we shall use will be the non-conforming H 1 -space used in [17] to approximate a family of singular perturbation problems of Stokes type, degenerating to a Darcy flow. The space V 1 h will be a subspace of H(div; Ω), but the restrictions of functions in V 1 h to Ω s will not be in H 1 (Ω s ). In this respect, the discretization is non-conforming.
In order to define the finite element spaces V 1 h let {T h } be a shape regular family of triangulations of Ω, where the mesh parameter h represents the maximal diameter of triangles T ∈ T h . We will assume throughout the paper that each triangulation T h has the property that the interface Γ is composed of mesh edges, such that the interior of each triangle is either in Ω d or Ω s . We let T d h and T s h be the corresponding induced triangulations of Ω d and Ω s , respectively, while Γ h denote the set of edges on Γ.
On each triangle T ∈ T h the restriction of functions in V 1 h belongs to the polynomial space
where E(T ) denotes the set of edges of T . The space V 1 (T ) has dimension nine and each element v is determined by the following degrees of freedom:
• e (v · ν)t k ds, k = 0, 1 and for all e ∈ E(T ),
• e v · τ ds for all e ∈ E(T ), cf. Figure 3 .1 on the facing page. Here ν and τ are unit normal and tangent vectors on the edges.
The finite element space V 1 h , associated with the triangulation T h , is the set of all piecewise polynomial vector fields v such that 
where E(T h ) is the set of edges in T h . Hence, the elements of V 1 h has continuous normal component over each edge, weakly continuous tangential components in the interior of each region, and completely discontinuous tangential component over the interface Γ.
Let also Q 1 h ⊂ L 2 0 denote the space of piecewise constants with respect to the triangulation T h . We then obtain the following finite element method:
Here a is the bilinear form introduced above, except that the term with symmetric gradients has to be computed element-wise, i.e.
The discretization is stable in the sense of [8] if there exists constants α 1 , β 1 > 0, independent of h, such that: sup
where 
Basically, Korn's inequality for the non-conforming H 1 space V 1 h was established in [18] as an application of the general results of [6] . However, the Korn inequality established in [18] was of the form
Here we need Korn's inequality in the slightly different form (3.4), where we only have boundary control of the functions in the kernel of the symmetric gradient , i.e. of rigid motions. Proof. We first note that the desired bound (3.4) will follow from an inequality of the form (3.5)
h , and by applying (2.1) with q ≡ 1. The bound (3.5) is indeed established in [6, Theorem 3.1], but only for non-conforming H 1 spaces where all functions are weakly continuous with respect to linear functions on the mesh edges. The space V 1 h we discuss here does not have this property, since the tangential component is only weakly continuous with respect to constants. However, the basic observation done in [18] was that this weak continuity condition can be relaxed throughout the discussion given in [6] such that the present element applies. Therefore, all the Korn inequalities derived in [6] , in particular (3.5), holds for the finite element space V 1 h . As observed above (3.4) implies (3.2). The other stability condition, (3.3), will follow from the construction of a suitable interpolation operator Π h :
The operator Π h is defined from the degrees of freedom of the space V 1 h , i.e.
with the obvious modification that two one sided values are used for the tangential component if e ∈ Γ h . This operator is uniformly bounded as an operator from H 1 (div; Ω) to V 1 h . In fact, it follows from the analysis of the corresponding operator in [17] that
where the constant c is independent of v, h, and T .
Theorem 3.1. The family of finite element spaces {V 1 h × Q 1 h } satisfies the stability conditions (3.2) and (3.3).
Proof. We have already established (3.2). Furthermore, for each
h , div Π h v = q, and Π h v 0 ≤ c q 0 , and this implies condition (3.3).
Let (u, p) ∈ V 1 ×L 2 0 be a weak solution of the coupled system (1.1)-(1.5).
For the rest of the discussion of this section we assume that u s ∈ H 2 (Ω s ) and p ∈ H 1 (Ω). Then, from an integration by parts argument we derive that E h (v) is alternatively given as 
where the constant c is independent of h.
By utilizing the fact that div(Π h u − u h ) = 0 we obtain that
and hence we obtain from Cauchy-Schwarz inequality that
From this error bound we easily obtain the following error estimates.
There is a constant c, independent of h, such that
Proof. From (3.7), (3.9), and a standard trace inequality we obtain (3.14)
By combining this with (3.8) and (3.11) we obtain that
while the stability condition (3.2) implies that
Hence, it follows by (3.14), (3.15), (3.16) and the triangle inequality that
and this implies (3.12). The error estimate (3.13) follows by standard arguments, where we use the stability condition (3.3), (3.10), and (3.12) to estimate P h p − p h 0 .
Discretization in the L 2 formulation
We now consider a discretization based on the alternative formulation referred to as the L 2 formulation above. In this case we will only consider conforming discretizations, i.e. the finite element spaces will satisfy V 2 h ⊂ V 2 and Q 2 h ⊂ Q 2 .
If V 2 h ⊂ V 2 then the bound (2.7) will hold for all v ∈ V 2 h . Therefore, in this case the discretization will be stable if the second Brezzi condition holds, i.e. we need to establish that there exists a positive constant β 2 > 0 such that
We observe that common Stokes elements such as the MINI element or the Taylor-Hood element will indeed produce conforming discretizations of the coupled Darcy-Stokes problem in this formulation. Below we will discuss the convergence properties of the discretization derived from the MINI element. In a similar manner, it is also possible to derive convergence estimates for the Taylor-Hood element.
For the MINI element, introduced in [3] , the velocity space consists of all functions of the form
where v 0 is a continuous piecewise linear vector field with respect to T h , b T is the cubic bubble function on the triangle T , and c T is a constant vector. In the present setting we will modify this space by relaxing the continuity over the interface such that all functions in V 2 h are allowed to be discontinuous across Γ. The corresponding pressure space Q 2 h consists of continuous piecewise linear functions on Ω d and Ω s , but with no continuity requirement across Γ. Notice that we still have that V 2 h ⊂ V 2 and Q 2 h ⊂ Q h . The space V 2 h can be expressed as a direct sum,
h is the space of piecewise linear vector fields which are continuous on Ω d and Ω s , and where V b h denotes the span of the cubic bubble functions. Let
This operator is uniformly bounded in L(L 2 (Ω), L 2 (Ω)) with respect to the mesh parameter h. The stability properties of the MINI element can be derived from a projection operator Π h :
h . The operator I h is uniformly bounded on both L 2 and H 1 . In fact, it satisfies an estimate of the form (4.4)
cf [5, 10] , where the constant c is independent of h. Here h T is the diameter of the triangle T , while T * is the domain of the macro-element consisting of all the triangles intersecting T , i.e.
It is a consequence of the shape regularity of the family {T h } that the decomposition {T * } T ∈T h ofΩ, has a uniform overlap property, i.e. there is a N > 0, independent of h, such that no x ∈Ω belongs to more N of the sets T * . It follows from the properties of the operators P b h and I h that Π h is uniformly bounded in L 2 . In fact, for all T ∈ T h we have from (4.4) that
and hence it follows from the uniform overlap property of the decomposition {T * } that Π h is also uniformly bounded in H 1 .
In the present setting we need to modify the operator Π h near the interface Γ. Recall that there is no continuity requirement over the interface Γ for functions in V 2 h . Therefore, we can define define two independent operators Π d h and Π s h , of the form above with respect to the domains Ω d and Ω s , respectively, and then let Π h be given by
From the discussion above it then follows that the operator Π h : V 2 → V 2 h is uniformly bounded, i.e. there is a constant c such that
Theorem 4.1. The family of elements {V 2 h × Q 2 h } satisfy the stability condition (4.1).
Proof. It is straightforward to check that for any v ∈ V 2 and q ∈ Q 2 h we have
Therefore the stability condition (4.1) follows from Lemma 2.1 and (4.5).
From the stability conditions (2.7) and (4.1) it follows that the discrete solution (u h , p h ) ∈ V 2 h × Q 2 h satisfies a quasi optimal estimate of the form
Here (u, p) ∈ V 2 × Q 2 is the corresponding continuous solution, and the mesh independent constant C depends on the stability constants α 2 and β 2 , cf. [8, 9] . In particular, if
we obtain a linear convergence estimate of the form
Numerical experiments
We end the paper by a few numerical experiments. For simplicity we choose Ω = [0, 1] × [0, 1], µ = α = 1, and the permeability tensor K is taken to be the identity. Furthermore, in all the examples we use a uniform grid. In order to make it simpler to generate analytic solutions we generalize the conditions (1.4)-(1.5) to allow for more general interface conditions of the form
where g 1 and g 2 are given functions on Γ.
In the following we mostly report estimated convergence rates in different norms rather than the full error at each grid level. These rates are estimated by a simple least-squares fit of the form ch rate to the norms of the errors as functions of h, where h ranges from 1/4 to 1/32. We first consider a couple of examples where the interface Γ is a straight line. These examples were also studied in [1] . For these examples the domain is divided into two regions by the line x = 0.5, with Ω s to the right and Ω d to the left. For Test Case 1 we choose p = e x sin (x + y), u s = (cos(xy), e x+y ) t , and u d = (cos(xy), 0) t , while for Test Case 2 we have p = cos(x 2 y), u s = (sin(x 2 y), cos(x 2 y)) t , and u d = (sin(x 2 y), e x+y ) t . Note that both these solutions satisfy the interface condition (1.3). The estimated convergence rates are given in Table 1 that the estimates (3.9)-(3.13) all predicts linear convergence. However, this example indicates that the L 2 error in velocity is actually second order accurate. Next, we consider an example where the interface Γ is more complex. In this case the domain configuration has a checkerboard pattern, cf. Table 2 . The obtained errors and estimated convergence rates are given in Table 3 , and, compared to what we observed above, the convergence properties do not seem to be essentially effected by the increased complexity of Γ.
Finally, we test the alternative discretization discussed in Section 4 using the MINI element. The estimated convergence rates for the Test-Cases 1-3 are given in Table 4 . As expected we obtain linear convergence in the appropriate norms. However, note that in this case we do not seem to obtain convergence of the global L 2 norm of div(u − u h ). This is consistent with the convergence results of Section 4. 
